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Abstract. A spherical condensed phase (volatile particle) is placed in an infinite expanse of a binary mixture consisting of

the vapor of the condensed phase and another noncondensable gas. The mixture is assumed to be at rest with uniform pressure
and temperature at infinity. However, the vapor and the noncondensable gas have small uniform density (or concentration)
gradients of the same magnitude but in the opposite direction. The flows of both components around the particle are analyzed
numerically by a finite-difference method on the basis of a model Boltzmann equation for gas mixtures, and the force acting

on the particle (diffusiophoretic force) is obtained accurately for a wide range of the Knudsen number.

INTRODUCTION

Thermophoresis, photophoresis, and diffusiophoresis are typical phenomena due to the effect of gas rarefaction that
manifest themselves in connection with aerosol particles and have been important subjects in kinetic theory of
gases [1, 2, 3]. Recent advances in microtechnology have reinforced their importance. Among these phenomena,
diffusiophoresis [4, 5, 6, 7, 8], the force acting on an aerosol particle and its resultant motion in a mutually diffusing
background mixture of gases, is peculiar to gas mixtures and thus has more nonintuitive features.

In the present study, we investigate the diffusiophoresis of a volatile particle. To be more specific, we consider
a spherical condensed phase placed in a binary mixture at rest consisting of the vapor of the condensed phase and
another noncondensable gas, each of which has a small density (or concentration) gradient of the same magnitude but
in the opposite direction. In this situation, evaporation and condensation of the vapor taking place on the surface of
the particle may have an important effect on the flows of both components around the particle. We will analyze such
flows for a wide range of the Knudsen number numerically on the basis of the linearized version of a model Boltzmann
equation [9, 10] and obtain the force acting on the patrticle (diffusiophoretic force) accurately.

FORMULATION OF THE PROBLEM

Problem and assumptions

Let us consider an infinite expanse of a binary mixture of two gase#, giad ga$3. There is no macroscopic motion
of the total mixture, and its temperature and pressure (and thus its molecular number density) are uniform. But, the
molecular number densities of respective gases have uniform gradients with the same magnitude but in the opposite
directions. Let us denote the uniform temperatureTpythe uniform pressure bpy, and the uniform molecular
number density by (= po/kTo, wherek is the Boltzmann constant), and let us express the number density of gas
Aasng + (' /9X1)wX; and that of gad® asn§ — (9n*/90X1)«X1, wherend + nf = ng, andX; is a rectangular space
coordinate system. Correspondingly, the concentration oRAgasxpressed ax@Jr (0x"/0X1)=X1, and that of gas
Basx§ — (9x"/0X1)wX1, wherexs = né/no, x& = n§ /no (thus, x5 + x5 = 1), and(9 x*/9X1)e = Ny (AN /X1 ) o

In such a mixture of gases (say, at the origfin= 0), a spherical particle of radiusand temperaturéy, made of
the condensed phase of gasis placed. Therefore, evaporation or condensation offg@spor) may take place on
the surface of the particle. We investigate the steady behavior of the vap@)(gad the noncondensable gas (Bas
around the particle and obtain the force acting on the particle (diffusiophoretic force) for a wide range of the Knudsen
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number on the basis of kinetic theory under the following assumptions:

(i) The behavior of the mixture is described by the model Boltzmann equation proposed by Hamel [9] or that by
Garzoet al. [10]. [Once the linearization around an equilibrium state at rest is made, these two models give the
same equation. We will actually handle the linearized equation, as mentioned in (v) below.]

(i) The molecules of the vapor leaving the surface of the particle are distributed according to the Maxwellian
distribution corresponding to the vapor in the saturated equilibrium state at rest with temp&gature

(iii) The molecules of the noncondensable gas undergo diffuse reflection on the particle surface.
(iv) Thenf is equal to the molecular number density of the vapor in the saturated equilibrium state mentioned in (ii).

(v) The imposed gradient of the number density (or the concentration) of each gas is| &Ml § X )| < nd/L,
or [(9x"/0X%1)w| < X§'/L], so that the equation and boundary condition can be linearized.

The assumption (iv) as well as the assumption that the temperature of the particle is the same as that of the mixture
at infinity (Tp) is not essential to the present result, as will be explained in “Results and discussions”. The case where
there is a uniform flow of the mixture at infinity will also be discussed there.

Basic equations

We first summarize the main notations. In what follows, the Greek lettesind 3 stand for the label#&\ andB
of the component gases. For gaga = A, B), F? is the velocity distribution functiorpn® the molecular number
density, 7 the flow velocity, T® the temperature, anth® the mass of a molecule. Our reference state is the
equilibrium state at rest with temperatiigand number densities of respective gasgeandng, which is expressed
asF{ = nd (2kTo/mP)~3/2E9 with EY = (M7 /mm)%/2exp(—mM?¢?), whereri® = m® /m” and{ is the dimensionless
molecular velocity (2kTo/m*)Y/2¢; is the dimensional one]. Then, we [Bf = F{(1+ @), n% = ng (1 + w?),
V& = (2kTo/mM)Y2u8, TY = To(1+ 19), so that|¢?|, |w?], |u?|, |T%| < 1. In addition,x = X /L andi§ = ng /nf.
For the model equation, the collision frequency of thgas molecules for the collisions with tifegas molecules is
given byK B nB with constantK ?# (KAB = KBA). Then, the mean free path of the vapor molecéfgs the reference
equilibrium state is given byj = (8kTo/mmm*)Y/2(KAAS + KABNE) ~1. With K# and¢d), we definek 9F = KB /KAA
andk = (y/11/2)Kn= (\/71/2)(¢4/L), where Kn is the Knudsen number.

With the above notations, the linearized model equation is written as

097 1 S aBap ppaB B
d ax (1+RABﬁ8)kB;BK g (WP — @), (a =A B), )
WO(B:(.«)a'—I—ZI‘?IO(ZiuiO{B—9—(rﬁ‘7’zi2_3/2)rorl37 @
ap _MOUE 0P amedl o

w= ma+imf 7 re=t +(ma+ﬁp)2(7 ), (3)
o = [ BT, = [GeUERL 17 = (2/3) [(7F 47 - 3/2)9" B0, @)

whered3? = dZ,dZ»>d{s. The boundary condition on the surface of the partipte € 1) is given as
=0, w:—amﬁmé inygPEBA®,  (Gini > 0), (5)
jnj<0

wheren; is the unit normal vector to the particle surface pointing into the gas. On the other hand, the boundary
condition at infinity (xj| — ) is given by

_ A+ KABAS) (1+ mP)

Lp= _ 22,DK B, @B — % (x,— 27,0k B A 6
@ — @ = Coo(x1 — 21DK), @ @ ﬁg(Xl {1Dk), 2RAB(1-+ APFE) (6)

wherece = (L/X8)(0X"/0%1)w = (L/N5) (0" /9X1)w, and @S is the solution to Eq. (1) expressing the situation
described in the first paragraph in “Problem and assumptions”. That is, this solution gives the following macroscopic
variables:

W =Cox1, WP =—Coxy/MS, T =0, U}=—coDk, U} =c,Dk/mPAS, ug=ug=0. (7)
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FIGURE 1. Profiles of the macroscopic quantities of the vapor for various valukénthe case where?® = mB, KAA = KAB —
KBB, andnf = n§. (a) w*, (b) T4, (c) uf, (d) uf.

Note that there is a flow of each gas (i.e., diffusion) in the direction opposite to its density or concentration gradient
though there is no flow of the total mixtureq[= (uf +MPASUT) /(1 + MPAS) = 0, where(2k To/m™)Y/2u; is the flow
velocity of the total mixture]. ) .

It is seen from Egs. (1)—(6) that we need to specify the following five dimensionless parami€tef$®, KB, i,
k to solve the problem (we do not need to specifybecause of the linearity of the problem).

NUMERICAL ANALYSIS

In the case of a single-component gas, spherical geometry allows a convenient similarity solution to the linearized
Boltzmann equation [11, 12]. In the present problem, the similarity solution of the same form, i.e.,

@Y =®¢(r,, 6;)cos0+ gL (1, {, 67)sind, (8)

is shown to be compatible with Egs. (1)—(6), whéred, ¢) is the spherical coordinate system with its origin at the
center of the particle and its polar axis along shewxis, {;, {g, and{y are, respectively, thie, 8, and¢ components
of &, { = (£?)Y/2, and g, is the angle betweed and ther direction [9; = cos (¢, /), 0 < 6; < m]. Thus, the
independent variables are reduced td, and 8;. Correspondinglycw®/cos8, uf/cos8, ug/sin8, and1?/cos6
turn out to be functions af only, whereu?, ug, andugr (= 0) are ther, 6, and¢ components ofi”.

We solve the boundary value problem f&¢ and ®2 numerically by a finite-difference method. The method
is basically the same as that used for a single-component gas in Ref. [12] where a slow rarefied gas flow past a
sphere is analyzed, except that we are handling a simpler model collision term here rather than the original Boltzmann
collision integral. The difficulties that we still share with Ref. [12] are: (a) the solution approaches the state at infinity
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FIGURE 2. Profiles of the macroscopic quantities of the noncondensable gas for various vatiestef case wherar* = mB,
KAA = KAB = KBB, andnf = n. (a) 0B, (b) 1B, (c) uB, (d) u§.

very slowly; (b) the velocity distribution functions exhibit discontinuities around the sphere. These are overcome by
essentially the same way as in Ref. [12]. That is, (a) is solved by connecting the numerical solution with the explicit
asymptotic solution for the far field. The discontinuities in (b) are described accurately by a combination of a standard
finite-difference method and a method of characteristics that was devised in Ref. [13].

As a reference, we give the data about the computational systems that are us@él =F6r5, the computational
domainisl <r <ry [rm = 20 (k < 5), 750(k = 5), and1000(k = 10)], 0 < { < 8, and0 < ; < r, and the numbers
of the grid points irr, {, and@, are601(nonuniform),71 (nonuniform), andt01 (uniform), respectively. The systems
for otherm® are the same except tHak ¢ < 7 and61 grid points (nonuniform) are used féc

RESULTS AND DISCUSSIONS

First we show the profiles of the macroscopic quantities. Figure 1 shows the profiles for the vapor, that is,
" /Cow 0SB — 1, TA/Co COSH, U /CDkcosH, andup/ceDksind (note thatu) — —c..Dk asr — o) versusr, for
variousk in the case wheret* = mP, KAA = KAB = KBB andnf = ng (or mP = 1, KAB = KBB = 1, andAf = 1).

Figure 2 shows the corresponding profiles of the noncondensable gas, th#&t/cs, coso +r/Ag, 18/c, coso,

MPASUB /c.Dkcosd, and mPASUS /c..Dksind (note thatu$ — c.Dk/MPAS asr — o) versusr, in the same case.

Let us suppose that, > 0. Then, there is a uniform flow of ga&&in the x; direction at infinity. Therefore, the flow
velocity field of gasB around the particle is more or less similar to that in the case of a uniform (noncondensable) gas
flow past a sphere [12]. On the other hand, there is a uniform flow oAgashe negativex; direction at infinity, so

that the flow velocity field of ga# has, to some extent, a common feature with that in the case of a uniform vapor
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FIGURE 3. Thehy versuskin the case wher&”” = KAB = KBB_ (a)mB/m* = 0.5, (b) m®/m* = 1, (c) mB/m* = 2. The result
for the free-molecular flow is shown by a solid lim¢nf = 0.1), a dashed lonef /n§ = 1), and a dot-dashed line§/n = 10).

flow past a spherical condensed phase [14]. Thus, condensation takes place on the head (the part facing to the positive

x1 direction) of the particle and evaporation on the tail (the part facing to the negatinection) [see Fig. 1(c)]. The

evaporation and condensation are enhanced by the imposed density gradieitmakes the number density around

the head higher than the saturation number density of the vapor (at the particle temperature) and that around the tail

lower than the saturation number density. The flow field around the sphere is roughly a superposition of these effects.
Next, we show the result of the force acting on the particle (diffusiophoretic force). TheR8ree(F{, 0, 0) can

be expressed in the following form:

2kTo\ Y2 ax~ M+ M)k T,
Fi' = ( on> PoL?Das (&) hg, Dag = W’ 9

whereDag is the mutual diffusion coefficient for the present model Boltzmann equationhd kersusk is shown
in Fig. 3 in the case wherg”* = KAB = KBB = 1. Figure 3(a) is form®/m" = 0.5, Fig. 3(b) form®/m* = 1, and
Fig. 3(c) form®/m* = 2. In each figure, the results fof /n§ = 0.1, 1, and10 are shown. Théy is positive in most
cases. However, it is rather sensitive to the molecular massm8io® and becomes negative whe%/m* = 2 and
k is relatively large. The result for the free-molecular fldw={ ):

hg = (4v/71/3)VAB D [8(1— VB) + 1] /(14 B), (10)

whereD is given in Eq. (6), is also shown in Fig. 3.

In the present study, we assumed that the temperature of the particl&,,sags the same as that of the gas at
infinity (To) and that the reference number density of the vapfy was equal to the saturation number density, say
n, of the vapor at temperatufig, (= To). If these conditions are not satisfi€l s still assumed to be uniform), but if
the deviations are small enough for the linearization to be VAliH(Tw|/To < 1 and|nf — nZ|/né < 1), then we only
need to add a spherically symmetric term of the fabgi(r, {, 6;) to the right-hand side of Eq. (8), which does not
contribute to the force acting on the particle. Therefore, Eq. (9) is also valid in this more general situation. Incidentally,
a uniformT, is realized when the thermal conductivity of the particle is high.

So far, we have considered the case where there is no flow of the total mixture at infinity. When there is a slow
uniform flow Ui = (Uw1, 0, 0) of the total mixture at infinity [Uw1| < (2kTo/m?)/2], we need to ad@Z;ux; and
2B U1 to @b and @B in Eq. (6), respectively, whene.; = (2kTo/m*)~1/2U,. For instance, if we consider the
case where the noncondensable gas is at rest, wiiet fcmﬁk/mBﬁg‘. Because of the linearity of the problem,
the solution of such a problem can be obtained as the sum of the solution presented in this paper and the solution
of the problem of a uniform flow of the mixture past a spherical condensed phase, that is, the problem in which the
same spherical condensed phase is placed in the uniform equilibrium flow of the mixture with templerateliccity
Uwi, and number densities of respective gageandng. We have also analyzed this problem by the same numerical
method. The drag forcg® = (FP, 0, 0) acting on the particle in this case is expressed in the following form.

FP = 6mulUcihp, = kTo[nb/(NGKAA 4+ nBKAB) 4 nS /(nfKBA 4+ nBKBE)], (11)
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FIGURE 4. Thehp versuskin the case wherg”A = KAB = KBB_(a)mB/m? = 0.5, (b) mB/m" =1, (c) mB/m" = 2.

where 1 is the viscosity coefficient for the present model equation. Atheersusk is shown in Fig. 4 folKAA =
KAB = KBB, In summary, the force acting on the particle when there is a uniform flow of the total mixture, in addition
to the density gradient of each component considered originally in this paper, is giv&hbiy°.

Finally, let us go back to the original problem without a flow of the total mixture at infinity. If the particle is left
without constraint, it starts moving because of the force (9) (diffusiophoresis). The final velocity of the particle can be
obtained by using the result in the preceding paragraph. That is, we superpose at infinity a uniform flaWywdstye
mixture that vanishes the total forcEd(+ FP = 0). Then the velocity of the particle relative to the flow of the total
mixture (—U;) gives the final velocity of the particle. From Eqs. (9) and (11), we obtain the velocity of the particle

Vi = (v, 0,0) as e
- A
ve = PpoL (2kTo Dag (90X @. (12)
61 m H Xm . hD

Following Ref. [15], we can show that the unsteadiness caused by the particle motion through the mixture with a
nonuniform concentration can be neglected because of the smallness of the concentration gradient.
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